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I. INTRODUCTION
Recent experimental work performed by Khakoo et al. ͓1͔, Johnson et al. ͓2͔, and Wang et al. ͓3͔ has stressed the urgency for more studies concerning the electron-impact electronic excitation of the N 2 molecule. These authors have pointed out, and it is also our opinion, that the need is supported by the following considerations. The nitrogen molecule is, at least with regard to electron-impact electronic excitation and from the experimental point of view, one of the most studied molecular systems. In spite of this fact, the degree of agreement among results measured by different groups is far from satisfactory, especially for energies below 30 eV. Theoretical studies, on the other hand, are fragmentary and have considered only some specific transitions in a limited range of energies. Also, the extent to which the inclusion of more competing target states in the close-coupling expansions implies a multichannel convergence, and assures the accuracy of the cross sections obtained in such calculations, is not yet clear.
Detailed information about the cross-section database generated in the last 20 years of research relative to the e − -N 2 electronic excitation processes was compiled in the review articles by Trajmar et al. ͓4͔ and Brunger and Buckman ͓5͔. Here, we will give only an overview of the achievements obtained by experimentalists and theorists up to now. Since the pioneering work from Cartwright and collaborators ͓6-8͔, who undertook a series of measurements including a large number of excited states, other authors have focused their efforts on considering more specific transitions. Namely, there are the data measured by Borst et 
⌬ u , and C 3 ⌸ u electronic states. Theoretical contributions to the study of the electronic excitation of the N 2 molecule by electron impact are provided by the distorted-wave calculations of , and by the R-matrix and Z-matrix calculations of Gillan et al. ͓21, 22͔ and Huo et al. ͓23͔, respectively. With the aims of addressing the disagreement among experimental data and providing some light on the discussion from the theoretical perspective, we have performed scattering calculations to study the electronic excitation of the N 2 molecule by impact of low-energy electrons using the Schwinger multichannel ͑SMC͒ method. In a previous publication we investigated the electronic transitions from ground to the B 3 ⌸ g and a 1 ⌸ g states ͓24͔. Results obtained in this study emphasized the influence of the inclusion of multichannel effects in the description of the electronic excitation process through the comparison of simple two-state and more sophisticated five-state close-coupling calculations. Specifically, we found that the coupling effects between the first singlet and triplet states of ⌸ g spatial symmetry are strong. In the present paper we report integral and differential cross sections for the electron-impact electronic excitation of the
and w 1 ⌬ u states of the nitrogen molecule, obtained by means of a recently improved suite of computational codes for the SMC method. The scattering amplitudes are calculated within the minimal orbital basis for single configuration interactions ͑MOBSCI͒ level of approximation for impact energies ranging from near threshold to 30 eV. This scheme gives rise to a nine-state close-coupling calculation, which has the advantage of pro-viding a well-described set of competing target excited states while keeping the active space of coupled states as minimal as possible.
Our paper is organized as follows. In Secs. II and III we present, respectively, a brief outline of the theoretical aspects of the SMC method, and the numerical procedures used in our calculations. In Sec. IV, results obtained by means of the MOBSCI strategy are discussed and critically compared with the data available in the literature. A summary of our findings and some concluding remarks are presented in Sec. V.
II. THEORY
The Schwinger multichannel method for electronmolecule collisions has been extensively discussed in previous publications ͑see, for instance, Refs. ͓25,26͔͒. Here, we will only present a brief outline of the main aspects of the theoretical formulation of the SMC method, which can be summarized as follows. By using the bilinear form of the Schwinger variational method as shown in Ref. ͓27͔ and by expanding of the total wave function in a trial scattering basis set of functions ͕ ͖,
with ͕a ͑+͒ ͖ being the variational coefficients, it is possible to write the scattering amplitude as
where the label B denotes that this amplitude is calculated in the body reference frame. Moreover, in the definition of the matrix elements d mn = ͗ m ͉A ͑+͒ ͉ n ͘, the A ͑+͒ operator is given by
whose matrix elements are, when symmetrized, equivalent to those obtained by means of the usual expression ͓25,26͔. In the above equations ͉S k ជ i͑f͒ ͘ are eigenstates of the unperturbed Hamiltonian H 0 , given by the product of a target state and a plane wave with momentum k ជ i or k ជ f ; Ĥ ϵ E − H is the total energy of the collision minus the full Hamiltonian of the system, with H = H 0 + V; P is a projection operator onto the open-channel space defined by the energetically accessible target eigenfunctions ͉⌽ ᐉ ͘:
G P ͑+͒ is the free-particle Green's function projected on the P space; and, finally, the m 's ͑also known as configurations͒ are functions of ͑N +1͒ particles given by the product
where ͉⌽ i ͘ is the ith molecular target state antisymmetrized among electrons and j is a scattering orbital. A represents an antisymmetrizer in the e − -molecule scattering assuring that the incoming electron is indistinguishable from the target electrons.
As a final comment on the theoretical aspects of the SMC method, it is important to note that the terms appearing in the definition for the scattering amplitude involve short-ranged operators and, as a consequence, the configuration states can be constructed from a basis set of square integrable functions. In the present work, we make use of Cartesian Gaussian functions, which are especially designed for integration with multicenter reference systems. Thus, all matrix elements in Eq. ͑2͒ can be analytically calculated except those involving the VG P ͑+͒ V terms, which are obtained by a GaussLegendre numerical quadrature ͓28͔.
III. COMPUTATIONAL PROCEDURES
We present in this paper the cross sections obtained within the minimal orbital basis for single configuration interactions approach. The idea is based on the fact that an excited state constructed with an improved virtual orbital ͑IVO͒, and calculated for a specific hole orbital, is equivalent to a complete SCI calculation out of the same hole orbital that generated the IVO. This assumption allows the construction of a pair of particle orbitals that provides a minimal configuration basis set fully equivalent to the complete SCI calculation of chosen singlet and triplet states. In practice, the implementation of the MOBSCI strategy was undertaken as follows. Aiming at the states originated by u → g transitions, we first constructed a subspace composed of four orbitals ͑two gx and two gy types͒ for singlet and triplet IVO's out of the 3 g orbital. These IVO's are then orthogonalized among themselves, and all virtual orbitals are made orthogonal to them, through the usual Gram-Schmidt procedure ͑note that the IVO's are, by construction, orthogonal to the ground-state orbitals͒. This strategy allows the smallest expansion set of single-excitation configurations, and gives rise to two 8 ϫ 8 matrices, one for the singlet and another for the triplet Hamiltonians. The diagonalization of these matrices results in a set of singlet and triplet states similar to the complete SCI calculation. It is not totally equivalent because we have used IVO's from the 3 g occcupied orbital. This procedure furnishes spectra for the states originating in the u → g transitions differering by no more than 3.7% from those from the complete SCI calculation. The compact vector space obtained by means of the MOBSCI technique is, therefore, composed of the physical excited singlet and triplet states along with a minimum set of pseudostates.
A. Description of the target states and close-coupling expansion
Our calculations were performed within the framework of the fixed-nuclei and Frank-Condon approximations ͓29,30͔ at the equilibrium internuclear distance of 2.068a 0 . The Cartesian Gaussian set of uncontracted functions used in the expansion of the target states and trial scattering wave functions is given in Table I . With this basis set, the calculated SCF energy at the equilibrium internuclear distance is −108.960 hartrees, to be compared with the Hartree-Fock limit of −108.994 hartrees ͓31͔. The calculated vertical excitation energies for electronic transitions leading to the
and w 1 ⌬ u excited states are given in Table II . For comparison we also show the excitation energies obtained by ab initio electronic structure calculations and the available experimental data. As can be seen, our excitation thresholds are in nice agreement with the theoretical values given by the MECI calculations of Oddershede et al. ͓37͔ and by the results of Gillan et al. ͓21͔ in which the target states are described within the single-excitation configuration-interaction technique. The present results also represent good approximations to the experimental data from Brunger and Teubner ͓15͔. Comparison with more recent R-matrix results ͓22͔ and with the MRSDCI results from Pitarch-Ruiz et al. ͓38͔ shows the influence of the use of more sophisticated treatment for description of the target states. For the energies of interest in the present study ͑E ഛ 30 eV͒, a maximum of nine channels are energetically accessible, as indicated in Table II . All pseudostates lie in the energy range between 32 and 34 eV and contribute to the calculations only as closed channels.
B. Partial wave decomposition
In order to obtain the cross sections to be compared with experimental measurements, we have expanded
with
and performed the required transformations to express the scattering amplitudes in terms of the laboratory angles:
where D are the Wigner rotation matrices whose argument consists of the Euler angles relating the body and the laboratory reference frames. The random orientation of the target was accounted for by averaging over the incident bodyframe angles
with k f Ј= ͑Ј , Ј͒ being defined as the laboratory-scattering angles. For a specific transition, the physical cross sections are obtained by averaging over the azimuthal angle and by performing the appropriate average over initial and sum over final spin states. Now, it is important to note that the partial wave decomposition in Eq. ͑6͒ is truncated at a given ᐉ max , meaning that the cross section defined above includes only the contributions of a finite number of angular momenta. For singlet → triplet transitions only short-range interactions of exchange nature are involved and, as a consequence, the numerical convergence of the integrations can be achieved with the inclusion of just a few partial waves. However, for singlet→ singlet transitions, the long-range character of the potential requires the use of a great number of partial waves to properly describe the scattering in the foward direction. Although such a large number of partial waves is needed to converge the small-angle scattering, above a certain minimum value of the angular momentum, the remaining partial waves are weakly scattered. So in order to reduce the computational effort we found useful to combine the Schwinger multichannel method with a Born-closure ͑BC͒ procedure.
Thus, for angular momenta up to a given value ᐉ max Ј , contributions to the cross section were obtained from the SMC calculations, while the weak-scattering first Born approximation was used to include the contributions above ᐉ max Ј . To perform the BC procedure, the term F ᐉ,m SMC ͑k f , k ជ i ͒ in Eq. ͑6͒ was replaced by 
where = 0 for ᐉ Ͼ ᐉ max Ј and = 1 for ᐉ ഛ ᐉ max Ј . In the present work, the cross sections for triplet states were obtained according to Eq. ͑6͒ with the partial wave decomposition truncated at the value of ᐉ max = 7. For the singlet→ singlet transitions, we have employed the Born-closure scheme above described such that ᐉ max Ј = 7 and ᐉ max = 9 are the values used in Eq. ͑10͒. The SMC amplitudes were evaluated only for the overall ⌺, ⌸, and ⌬ symmetries. For triplet transitions only these three symmetries were considered ͉͑mЈ͉ restricted to 0, 1, and 2͒ and for singlet transitions higher symmetries ͉͑mЈ ͉ ജ 3͒ were taken into account through the first Born amplitude.
C. Numerical stability analysis
The numerical stability of the present calculations was verified using a procedure similar to that proposed by Chaudhuri and co-workers ͓32,33͔. The methodology was first used by these authors to inquire into the origin and to remove some spurious structures that appeared in the crosssection results for the electronic excitation of the N 2 molecule by positron impact. Subsequently, da Costa et al. adapted the procedure to investigate numerical instabilities affecting the calculations in a previous e -−H 2 electronic excitation study ͓34,35͔. In short, the analysis begins with the diagonalization of the matrix elements of the modified operator given by
where V is the interaction potential between the incident electron and the target, P is the projection operator onto the open-channel space, and H ϵ E − H, as defined before, but for a fixed energy ͑E =40 eV͒. The next step consists in the identification of the configurations weakly coupled by the interaction potential, that is, the eigenvectors associated with the eigenvalues of the equation Ṽ ͉ m ͘ = v m ͉ m ͘, such as v m Ϸ 0. The cutoff criterion was defined by eliminating the troublesome functions from the configuration space, symmetry by symmetry. The eigenvectors associated with small eigenvalues of the matrix representation of the modified potential ͓Eq. ͑11͔͒ were removed, one by one, until we obtained stable cross sections. Due to the fact that P changes as the energetically acessible states are included in the close-coupling expansion, another check procedure must be performed whenever a new channel is opened. In Table III we show the number of state vectors removed according to the criteria described above. A maximum of 43 configurations were removed from the original 1413-configuration state space.
IV. RESULTS AND DISCUSSION
Cross sections for electronic excitations of the nitrogen molecule by electron impact for transitions from the ground state to the Figure 1 shows our results for the electronic transition from ground state to the A 3 ⌺ u + metastable state. As can be seen in Fig. 1͑a͒ , the profile of our integral cross section is strongly affected by the appearance of some resonancelike structures. For energies near to 7.6, 8.6, and 9.2 eV, the bumps are related to the threshold phenomena of the upcoming channels ͑namely, the W 3 ⌬ u , BЈ 3 ⌺ u − , aЈ 1 ⌺ u − , and w 1 ⌬ u states͒ present in our close-coupling calculation. Compared with previous R-matrix calculations from Gillan et al. ͓22͔ we note that, at the threshold position, our ICS is shifted by a amount of about 1.1 eV, which is consistent with the difference observed in the vertical excitation energy calculated for this state by the two methods, as indicated in Table II . In addition, a more pronounced structure, peaked in our result at around 12.5 eV, it is also present in the ICS calculated by Gillan et al. ͓22͔ at the energy of about 12 eV. Contributions to this structure in the present calculations come mainly from the 2 ⌺ u symmetry, as the major component, and from the 2 ⌸ g symmetry, as a background component. For energies above 15 eV, our ICS is about twice as large as the R-matrix one. The agreement of MOBSCI results with respect to measurements from Cartwright et al. ͓8͔ is very good, except at the position of the more pronounced resonance structure. We also note that our ICSs have the same general shape as, albeit being 25-75 % larger in magnitude than, the data measured by Campbell et al. ͓16͔ and Johnson et al. ͓2͔ in the whole interval. However, at the energy of 10 eV our calculations underestimate the measurements.
The present result for the differential cross section at 12.5 eV is influenced by the resonant structure and completely disagrees with measurements performed by Cartwright et al. ͓8͔ and Khakoo et al. ͓1͔ . For the energies of 15, 17.5, 20, and 30 eV, the DCSs obtained in the MOBSCI approximation display more or less the same angular distribution, characterized by a smooth forward and strong backward peaking. Agreement with the experimental data from Refs. ͓1,8,12,15͔ is only moderate for angles below 120°, though the backward peaking tendency revealed in the data extrapolated by Trajmar et al. ͓4͔ and in the earlier R-matrix study is confirmed by the present MOBSCI calculation. Moreover, as shown in the measurements at angles around 75°, we also note the occurrence of an intermediate peak that, in our DCS, has its maximum a little bit shifted from this value for smaller or larger angles, depending on the energy. As a final comment we observe that, although larger than the experimental data by a typical factor of 3, the general shape of our DCS at 30 eV is comparable to that of the measurements, as indicated in the inset in Fig. 1͑f͒ .
As in the case of the electronic excitation to the A 3 ⌺ u + state, we note that the ICS for the W 3 ⌬ u state shown in Fig.  2͑a͒ is affected by the presence of structures around the excitation thresholds of the states belonging to the active space of coupled states. An exception to this rule is given by the resonance appearing at 11 eV, which has the most significant partial contribution coming from the 2 ⌸ g symmetry. In fact, this symmetry contributes over the entire energy range as a large background component. The agreement of the shape of our ICS in comparison with other data is, in general, quite good. The present results are larger than the R-matrix ones ͓22͔. They are also larger than the measurements of Campbell et al. ͓16͔ and Johnson et al. ͓2͔ by a factor of 1.5 at energies below 20 eV, and by a factor of 3 larger than the measured data at 30 eV. The presence of a broad structure at 12.5 eV, seen in the distorted-wave study of LeeMu-Tao and McKoy ͓20͔, is not confirmed by the MOBSCI calculations.
In Figs. 2͑b͒-2͑f͒ , we see that differential cross sections for the W 3 ⌬ u state obtained in our MOBSCI calculation are characterized by the absence of undulations and, in general, smoothly increase with the scattering angle. Neither the small structure seen in the measured data of Khakoo et al. ͓1͔ nor the backward peaking shown by the extrapolated data of Trajmar et al. ͓4͔ are reproduced by the present results. For the energies of 15, 17.5, and 20 eV, our DCSs have a magnitude in reasonable agreement with experimental data measured by different groups, specially at the angles below 90°. At 12.5 and 30 eV, the present cross sections are larger than measurements by typical factors of 2.5 and 4.5 in the absolute values of the DCSs, respectively.
The electronic excitation ICS for the BЈ 3 ⌺ u − state is shown in Fig. 3͑a͒ . Compared to the data calculated by Gillan et al. ͓22͔ the present results have the same shape and magnitude for energies below 15 eV, though being shifted to the left by a amount of 1.5 eV ͑corresponding to the difference in energy observed between previous R-matrix and present SMC electronic excitation thresholds͒. Our ICS has a magnitude approximately twice as large as the experimental data of Johnson et al. ͓2͔ but, in Our DCSs for the transition from the ground state to the BЈ 3 ⌺ u − state are characterized by nearly zero contributions at 0 and 180°, as predicted by the selection rules for the ⌺ g + → ⌺ u − electronic transitions in linear diatomic molecules ͓36͔. At 12.5 eV our DCS displays a symmetric angular distribution with its maximum at 90°and is in better agreement with the data measured by Cartwright et al. ͓8͔ . For the energies of 15, 17.5, and 20 eV our results are in very good agreement with the experimental data of Cartwright et al. ͓8͔ and Khakoo et al. ͓1͔ . The present DCS result at 30 eV has a similar angular distribution in common with the measurements from Khakoo et al. ͓1͔ , although larger than these data by a factor of about 2.8. Moreover, we note the occurrence of a minimum at 75°in their DCS, also seen in the experimental results from Cartwright et al. ͓8͔ . This feature is present in our results at the same angle, albeit being less pronounced.
In Fig. 4 we show the results for the electronic excitation from the ground to the aЈ 1 ⌺ u − state. For this transition, the agreement of our ICS and the data measured by different groups is quite good, with the exception of the results obtained by Cartwright et al. ͓8͔ and Campbell et al. ͓16͔ at 15 eV. The 2 ⌸ g and 2 ⌸ u symmetries are responsible for the most significant partial contributions to the ICS obtained by the present MOBSCI calculations.
Due to the ⌺ g + → ⌺ u − selection rules for linear diatomic molecules ͓36͔ the DCSs for this transition drop to zero at 0 and 180°as happens in the case of the excitation to the B 3 ⌺ u − electronic state. For this transition we have not performed a Born-closure scheme because the first Born DCS is zero for all angles. Our results at 12.5 and 15 eV nicely agree with the data measured by Khakoo et al. ͓1͔ . For the energies of 17.5 and 20 eV, the overall agreement with measurements performed by Cartwright et al. ͓8͔, Brunger and Teubner ͓15͔, and Khakoo et al. ͓1͔ is excellent. As in the case for the X 1 ⌺ g + → B 3 ⌺ u − electronic transition, the data from Refs. ͓1,8,15͔ indicate the presence of a minimum in the DCS at the energy of 30 eV around 75°. Our DCSs also show this structure but, once again, this feature is less pronounced in the present results compared with measurements.
As seen in Fig. 5͑a͒ , our ICS for the w 1 ⌬ u state is in very good agreement, in shape and magnitude, with the data measured by Johnson et al. ͓2͔, except 
V. SUMMARY AND CONCLUSIONS
In this paper we have presented an application of the SMC method in the study of the electronic excitation of N 2 molecules by impact of low-energy electrons. The scattering amplitudes were obtained within the MOBSCI level of ap- 0  30  60  90  120  150  180 0.01 The overall agreement between our results and the experimental data is quite good, except for 30 eV. The upcoming pseudostate thresholds may be causing the disagreement at this energy. In general, the origin of the discrepancies with the experimental data may be related to several aspects of the ,QWHJUDO &URVV 6HFWLRQ FP (OHFWURQ ,PSDFW (QHUJ\ H9 0  30  60  90  120  150  180 1E-4 1E-3 0.01 present application, such as ͑i͒ the simple Hartree-Fock representation of the molecular ground state; ͑ii͒ the need for a better represention of the excited states beyond the SCI approximation; and ͑iii͒ the inclusion of additional energetically open electronic states to further account for multichannel coupling, considering that N 2 has high-density electronic spectra. However, the relative good quality of our results for N 2 represents an invitation for new applications of the MOBSCI procedure to study electronic excitations of small polyatomic molecules, where the high density of energetically accessible target states makes the use of standard closecoupling models computationally very expensive.
